In this paper we are concerned with the Riemann problem of the Burgers equation with a discontinuous source term, motivated by studying the propagation of singular waves in radiation hydrodynamics. By calculating the representation of solutions, we construct the global entropy solution to this Riemann problem, in which one needs to pay attention to the effects of the discontinuous source term on the propagation of the Riemann waves. It turns out that the discontinuity of the source term has clear influences on the shock or rarefaction waves generated by the initial Riemann data, and produces some new and interesting phenomena such as the appearance of weak discontinuities, the appearance and absorption of new shocks, artificial ''vacuums'', and different types of asymptotic behavior of shocks. These new waves and phenomena shall be analyzed in this paper.
Introduction
In this paper, we are concerned with the Riemann problem of the Burgers equation with a discontinuous source term. There are quite a number of physical phenomena that can be described by equations of hyperbolic conservation laws with source terms. The radiation hydrodynamics model, which is formulated as gas dynamic equations coupled with a nonlocal transport equation for the radiation field (cf. [1, 2] ) is a remarkable example. In certain situations, the action of the radiation fields on flow can be reformulated as source terms for the gas dynamic equations. It has been shown by Zhong and Jiang in [3] that, in general, the smooth solution to such system will blow up in finite time (also see [4] for a proof on formation of singularities). Therefore, to understand the behavior of singular waves in radiative hydrodynamics, it is important and also a starting point to study the gas dynamic system with discontinuous sources. In the study of transonic nozzle flow, one also meets problems to study the weak solutions of conservation laws with discontinuous source terms, e.g. cf. [5] and references therein.
Some interesting works have been done for the equations of conservation laws with (possibly discontinuous) source terms, for instance, see [6] [7] [8] [9] 5, 10] . However, these works mainly concern the global BV solutions and/or asymptotic behavior of weak solutions, while, to our knowledge, the structure of the nonlinear waves in these equations has not been studied yet. Both in theory and applications, it is valuable and important to describe the structural behavior of nonlinear waves in hyperbolic conservation laws with discontinuous sources. As an important model, in this paper we consider the following Riemann problem of the Burgers equation with a discontinuous source term, 
it is well known that a shock or a rarefaction wave will be generated [11, 12] . Then as the (discontinuous) source term g(x, t) is added to the Eq. (1.2), it will act on the shock or the rarefaction wave. In this paper, we shall focus on the new phenomena caused by the actions of the discontinuity of the source term. Definitely, this study shall give us valuable insight on the behavior of entropy solutions to the equations of radiation hydrodynamics. It is worthy of noting that the argument in this paper for the problem (1.1) can be extended to study local structure of entropy solutions to equation of scalar conservation law with general discontinuous source terms. In the case that the initial Riemann data generate a shock for the Eq. (1.2), the source term g(x, t) has an impact on the strength of the shock front and there are two interesting phenomena due to the discontinuity of source. One relates to the appearance and disappearance of a new shock with respect to the ratio , the action of the discontinuous source term curves the main shock front to the right, then crossing the discontinuous line {x = 0} of the source and entering the first quadrant, and the solution has a weak discontinuity on {x = 0}. Then as continues to increase such that g + g 1, there will be no new shock anymore; instead, a weak discontinuity appears below the main shock front. We will describe in detail these three patterns of entropy solutions in Section 2.1. The other interesting new phenomena is that when g < 0 < g + , the source term may create ''vacuum'', a region in t-x plane where the solution cannot be determined directly from the initial data by integrating along characteristics. We can determine the solution in this ''vacuum'' region by an approximation argument for the data, and this solution also satisfies the entropy condition. Moreover, it turns out that there are different, complicated shock solution patterns for this case. We shall establish four patterns in detail in Section 2.2 with respect to the assumption that u In the case that the initial Riemann data generate a rarefaction wave, the action of the discontinuous source term is similar to the case of shock. According to different values of the pair (g , g + ), the source term may create a weak discontinuity, a shock front or a vacuum. We shall study the entropy solutions of this case in Section 3. First in Section 3.1, we consider the case that the rarefaction wave is bent by the source term and also the case of appearing a ''vacuum'' region. We determine the solution in this ''vacuum'' region as the limit of an approximate solution sequence to the problems with the discontinuous source term being approximated by a continuous one. This approach makes sense because the limit is independent of the choice of the approximating sequence of the source term. This will be shown by proving the uniqueness and stability of the entropy solution to the problem (1.1) with respect to the initial data and the source term in Section 4. In Section 3.2, we will construct solutions with both rarefaction waves and shock waves, generated by the action of discontinuous source terms.
The case of the initial data generating a shock
Without loss of generality, in Sections 2 and 3, we assume that the source term satisfies g +g + > 0. This can be realized by applying the following transformation,
In this section, we consider the case that the initial Riemann data generate a shock and investigate the action of the discontinuous source term on the shock. We employ the characteristic methods to construct the entropy solution showing the basic action of the source term: curving the shock front and changing its strength. Then we focus on two interesting phenomena. One relates to the appearance and disappearance of a new shock, and the other is the appearance of a ''vacuum'' region. We shall construct entropy solutions corresponding to these phenomena.
Propagation of a shock without vacuum
In this subsection, we will first show that the discontinuous source term can curve the shock front and make the strength of the shock increase to infinity or diminish to zero as t tends to infinity, depending on whether g + g is larger or smaller than one.
Secondly, by constructing the solutions through integration along characteristics, we observe the phenomena of the appearance and disappearance of a new shock determined by the ratio
More precisely, assume that g + and g are positive, and u + 0 < u 0 < 0, i.e. the shock front generated by the initial data moves into the second quadrant. When the ratio g + g is smaller or equal to 1 2 , the discontinuous source term just bends the main shock and creates a weak discontinuity on {x = 0}. This pattern of solution is described in Theorem 2.3. As g + g increases over a critical value but smaller than one, there appears a new shock front issuing from one point on {x = 0} and interacting with the main shock. This solution is described in Theorems 2.4 and 2.5. While
continuous to increase such that g + g 1, there will be no new shock anymore. Instead, a new weak discontinuity appears in the front of the main shock front. This phenomenon is illustrated in Remark 2.2.
In the following theorem, the shock enters the first quadrant from the origin and the discontinuous sources curve the front. The proof of this theorem also presents the method of characteristics mainly we used in this paper. For simplicity of presentation, we define 
where u 3 is given in (2.1), and the regions R
In the solution (2.2), (u 3 , u 2 , ') is a shock with x = '(t) being its front and {x = 0} is a weak singularity of u(x, t), i.e. u 1 , u 3 are continuous at {x = 0}, while their derivatives have jump.
Proof. We construct the solution by the method of characteristics. For the problem (1.1), the solution u(x, t) can be represented as
being the characteristic line passing through (x 0 , t 0 ).
we have that in case x 0 < 0 and x(t) < 0, that is, the characteristic curve stays in the left part of the discontinuous line {x = 0} of the source term g(x, t), a direct computation yields 8 < :
while in case x 0 > 0 and x(t) > 0, the characteristic curve stays in the right part of {x = 0}, we have
By the assumption u 0 + u + 0 > 0, and the shock front x = '(t) satisfying
we know that the shock front x = '(t) enters the right part of {x = 0} when t is small, that is, '(t) > 0. Thus, the characteristic curves starting from (x 0 , 0) on x-axis can cover the whole region R 1 1 = {x < 0, t 0}, and the solution u(x, t) in R 1 1 is given by:
Then we are going to solve the boundary value problem 8 > > < > > :
By a direct computation, we see that the boundary value problem (2.4) has a shock solution (u(x, t), '(t))
with '(t) being given in (2.3).
Under the assumptions of this theorem, one can check that
Thus, the above construction gives a global shock solution to this problem. ⇤ 
Now on the basis of Theorem 2.1, we study the influence of the discontinuous source term on the strength of the shock front when t goes to infinity. 
then, we have
Proof. We only prove this result under the condition u 0 > 0 > u
The other cases can be studied similarly.
and (2.3), we have
J(t).
When g
for two positive constants C and t 0 . From (2.8), it follows immediately
where C 1 and C 2 are two positive constants. Therefore, J(t) ! 0 as t ! +1.
2 for some positive constant C 1 when t is large enough. So, (2.8) still holds and so does (2.9).
If g
where C and t 0 are two positive constants. By integration, we obtain when t is large enough J(t) C 1 t C 2 for two positive constants C 1 and C 2 . Therefore, J(t) ! +1 as t ! +1.
, the strength of the shock is J(t) = u 0 u
By a direct computation, we get
Remark 2.1. Theorem 2.2 shows that, as t increases, the strength of the shock wave in the solution of (1.1) may increase to infinity or diminish to zero and this is also due to the existence of the source term and its discontinuity. In fact, under the
we can get a more precise result about the strength of the shock front:
This result has been proven when g
By solving (2.11) we obtain
where C is a constant determined by the initial data. So, from p(t) = '
Combining (2.6) and (2.13), it follows (2.10) immediately. Now, we study the first interesting phenomenon caused by the discontinuous source term: the appearance and disappearance of a new shock front as the ratio the second quadrant from the origin but it will move into the first quadrant as t increases. For simplicity of presentation, we define
(2.14)
], we have the following simple result.
, then the problem (1.1) has a piecewise C 1 solution containing one shock and a weak discontinuity on {x = 0}, 
is the intersection point of {x = x 1 (t)} and t-axis, and the shock front is given by with x 1 (t) and x 2 (t) being given by Proof. From the Rankine-Hugoniot jump conditions, we have x
The regions R
1 (t) < 0 for small t, which means some characteristic curves starting from {x > 0, t = 0} will cross the t-axis in a neighborhood of the origin.
By the method of characteristics we get the values of u 1 and u 2 immediately.
For any point (0, t 0 ), t 0 2 (0, t Q ) with t Q = u + 0 g + , we consider the characteristic curve x = x(t; t 0 ) starting from this point and extended to the left part of t-axis: 
From (2.17) we know that (x, t) should satisfy:
8 < :
We solve (2.18) under the condition 0 > u 0 > u
and then get:
], the characteristic curves issuing from {0 < x < (u
2g + , t = 0} move into the second quadrant and will not enter the first quadrant again.
where
and 9 , 10 are given by
Because the region ⌦ is below the line {t = t Q }, the shock front x 1 (t) will get into the right side of t-axis from a point below Q . Therefore, by a direct calculation we obtain the solution (2.15). ⇤
As the ratio
increases over a critical number, a new shock may appear in the solution of (1.1) from the point
. This is given in next result, in which we define
for simplicity of notations.
Theorem 2.4. Suppose that
where u i (i = 1, 2, 3, 4), u 7 are given in (2.2), (2.2), (2.1), (2.14), (2.20) respectively and the regions R i (i = 1, 2, 3, 4, 7) are
the point P = (0, t P ) with t P > 0 is the intersection point of the front x = x 1 (t) with the t-axis, the shock fronts x = x 2 (t) and x = x 3 (t) are determined by 
respectively, with A = (x A , t A ) being their intersection point, and the front x = x 4 (t) is given by 8 < : Proof. From the Rankine-Hugoniot jump condition, we have
1 (t) < 0 for small t, which implies that the characteristic curves issuing from {x > 0, t = 0} enter the left part of t-axis in a neighborhood of the origin.
By the method used in the proof of Theorem 2.3, we know that the characteristic curves issuing from each point on the segment [0, t Q ] of t-axis determine the value of u in the region { 9 (t) < x < 0, 0 < t < tQ } where 9 (t) is given by (2.19),
These are illustrated in Fig. 2 .5.
The value of u on the segment [t Q , tQ ] of t-axis is u = u 4 (0, t). By using
< 1 and a direct computation, we can determine the characteristic curves issuing from each point of the segment [t Q , tQ ] of t-axis, and the value of u in the region:
0 , 12 (t) and 14 (t) are given by
(2.29) Fig. 2 .5. The overlapping area of the characteristic curves between 6 and 12 implies that a new shock front in this region will appear from the point Q .
On the other hand, the characteristic curves issuing from {x > 0, t = 0} can determine the value of u on ⌦ 2 ,
with 6 (t) being given by (2.19) . Noting that the ⌦ 1 \ ⌦ 2 is a crooked triangle 4QDP with D being the intersection point of x = 11 (t) and x = 6 (t), we know that a shock front x = x 3 (t) given by (2.24) will form from the point Q in the region ⌦ 1 \ ⌦ 2 , because the characteristic curves starting from {x = 0, t Q < t < tQ } and {t = 0, x > x E } intersect in this region
Now, we study the solution behavior determined by the initial data in {x < 0, t = 0}. From the Rankine-Hugoniot jump condition, the shock front x = x 1 (t) is given by (2.22). We first assert that the front x = x 1 (t) will enter the right part of the t-axis from a point P which is above the point Q , i.e. x 1 (t Q ) < 0. In fact, x 0 1 (t) can be written as
which implies
After crossing into the right side of t-axis, the main shock front becomes x = x 2 (t) given by (2.23), then it intersects with x = x 3 (t) at the point A, and forms a new shock front x = x 4 (t) being given by (2.25) . In this way, we obtain the explicit solution to the initial value problem. ⇤ As a special case, from Theorem 2.4 we have the following result, which shows that the new shock front x = x 3 (t) is mainly created by the discontinuous source term. 
where u i (i = 1, 2, 3, 4), u 7 are defined in (2.2), (2.2), (2.1), (2.14), (2.20) respectively and the regions R Fig. 2.6 . There is only one shock front issuing from Q and x = 9 (t) is a weak discontinuity. where t Q and tQ are the same as in the proof of Theorem 2.4, 9 (t) and 14 (t) are defined in (2.19) and (2.29) respectively, x 1 (t) and x 2 (t) are given by
is the intersection of x = x 1 (t) and x = 14 (t). This solution has weak singularities on {x = 9 (t)}, {x = 14 (t)} and {x = 0}, and {x = x 1 (t)} and {x = x 2 (t)} are two shock fronts. The regions R 
Therefore, ⌦ 1 will not intersect with ⌦ 2 and the shock front x 3 (t) will disappear. The local solution of (1.1) in this condition is show in Fig. 2 .7. We still have u = u i (x, t) as x 2 R i (i = 1, 2, 3, 4, 7) but the curve 6 becomes a weak discontinuity. We should note that when t goes to infinity 6 may interact with the main shock front x 2 (t) and then disappear, in which the region R 7 is bounded. 
Propagation of a shock with vacuum and a possible bifurcation
In this subsection, we construct a solution to (1.1), which has a ''vacuum'' region as we explained in Section 1, when g < 0 < g + and t is sufficiently large.
In this subsection, we shall always assume
(2.32)
When u 0 decreases from u
0 , the shock front in the solution of (1.1) will change from being bent to the right to being bent to the left. Let the point P be the intersection of the shock front and the positive t-axis, Q = (0,
in Theorem 2.4, and denote by H the point
We shall see that the pattern of the solution to (1.1) depends on the relative positions of the points P, H and Q . This is described from Theorems 2.6-2.10. For convenience of presentation, we define
(2.35)
First, let us consider the case u 0 + u + 0 0, in which the shock enters the first quadrant from the origin and a ''vacuum'' region will appear from the point H and we determine the solution of (4.24) in the ''vacuum'' region by moving the characteristic curves 5 (t) and 8 (t) along the t-axis direction to fill the region R 1, 2, 3, 5, 6 ), the curve '(t) and the characteristics of the solution (2.36) are shown in Fig. 2.8 .
Proof.
we know u 1 (x, t) + u 2 (x, t) > 0 for t > 0 which implies that the shock front will enter the right part of t-axis. By calculation we get u = u 3 (x, t) in R 
5 and R 5 6 respectively. In this way, we obtain a global entropy solution to the initial value problem. ⇤ Now, if u 0 in Theorem 2.6 decreases to satisfy u 0 + u + 0 < 0, the shock front will first enter the second quadrant from the origin. We assume this shock front returns back to the first quadrant at the P on t-axis, the following theorem studies the case in which P is below Q .
Theorem 2.7.
Under the assumption that (2.32), u 0 + u
If there exists t P > 0, satisfying x 1 (t P ) = 0 and t P < t Q (see Fig. 2 are defined as 
The regions R 6 i (1  i  6), the curves x = x 1 (t), x = x 2 (t) and the characteristics of the solution (2.39) are shown in Fig. 2.10 .
This theorem can be obtained in the same way as that given in Theorem 2.6 by integration along characteristics.
Denote by x = 7 (t) with
(2.40) the characteristic issuing from the point Q = (0,
If u 0 in Theorem 2.7 continues to decrease, the shock front x = x 1 (t) will intersect with x = 7 (t) (see Fig. 2.11) , and a ''vacuum'' region will appear from the point Q . Denote by u ⇤ the critical value of u 0 , such that when u 0 = u ⇤ , the point Fig. 2.9 . The shock front moves into the first quadrant from the point P which is below the point Q . P coincides with Q (see Fig. 2.9) . So, when u 0 < u ⇤ and u ⇤ u 0 is small enough, we know that the shock front x = x 1 (t) will move into the first quadrant from some point between Q and H and then another ''vacuum'' region will appear from H. These are shown in the following theorem. 
with x 3 (t) being determined by
The regions R As before, this result can be obtained in the same way as that given in Theorem 2.6 by integration along characteristics.
Remark 2.3. From
Moreover, under this condition, we can prove that x = x 3 (t) will not intersect will x = 6 (t) on [t P , +1). In fact, by a simple computation we
where t 01 2 (t P , t H ) and t 02 2 (t Q , t P ). Define F (t) = x 3 (t) 6 (t) and then we have F (t P ) < 0 and
From the condition t P > u + 0 u 0 g g + , for all t t P we have F 0 (t) < 0. Therefore, F (t) < 0 for all t t P , i.e. x = x 3 (t) will never intersect with x = 6 (t) on [t P , +1). Remark 2.4. In Theorem 2.7, if t P 2 (t Q , t H ) and t P t Q is small enough, by numerical simulation it shows that the shock front x = x 3 (t) may intersect with the curve x = 6 (t) when t is sufficiently large.
If u 0 in Theorem 2.8 continues to decrease, the point P will coincide with H, this is a critical case of the solution to (1.1), in which the shock front disappears at the point H (see Fig. 2.12 ). This critical case is unstable usually, as a small change of u 0 or other parameters can cause the shock front turn to the left or right from some point in the neighborhood of H. These are shown in the following theorem. Theorem 2.9. Suppose (2.32), and u 0 + u 8 5 are defined as If u 0 in Theorem 2.9 keeps to decrease, the shock front will not enter the first quadrant and the ''vacuum'' region appears from the point Q (see Fig. 2.13 ). These are shown in the following theorem. 6 (t) and 7 (t) are given by (2.19) and (2.40) respectively. The regions R As before, these two results can be obtained in the same way as that given in Theorem 2.6 by integration along characteristics.
The intersection point of x
= x 1 (t) and x = 7 (t) is D = (x D , t D ) with x D < 0 and t D > t Q . The shock front x = x 2 (t) is defined as ( x 0 2 (t) = 1 2 (u 1 (x 2 (t), t) + u 5 (x 2 (t), t)) t > t D x 2 (t D ) = x D .
If x 2 (t) < 0 for all t t D , then the problem (1.1) has a global entropy solution as follows,
u(x, t) = u i (x, t), as (x, t) 2 R 9 i (i = 1,R 9 1 = {x < x 1 (t), 0  t < t D } [ {x < x 2 (t), t t D } R 9 2 = {x > 0, 0  t < t Q } [ x > 6 (t), t > t Q R 9 4 = {x 1 (t) < x < 0, 0  t < t Q } [ {x 1 (t) < x < 7 (t), t Q  t < t D } R 9 5 = 7 (t) < x < 0, t Q  t < t D [ x 2 (t) < x < 0, t t D R 9 6 = 0 < x < 6 (t), t > t Q where
The case of the initial data generating a rarefaction wave
In this section, we are going to study the influence of the discontinuous source term on the rarefaction waves. There are three phenomena. The first one is that the source term just bends the rarefaction wave. The second one is that the source term creates a ''vacuum'' region. The third one is that the source term creates a new shock. We always assume in this section that g + g + > 0 and u 0 < u + 0 .
Bend of a rarefaction wave without shock
In this subsection, we assume g < g + , under which there will be no shock in the solution to (1.1).
When g + > g > 0, the source term just bends the rarefaction wave, and yields some weak discontinuities in states,
i.e. the problem (1.1) has a continuous solution without ''vacuum'' region. These will be described from Theorems 3.1-3.3. For convenience, we introduce
The following theorem considers the case that the rarefaction wave is in the right part of the discontinuity of the source term. 
where u 1 , u 2 , u 3 , u 9 are given by (2.2), (2.2), (2.1), (3.1) respectively and the regions R 10 i (i = 1, 2, 3, 9) are defined as . Thus, we get u = u 9 (x, t) in R 10 9 . ⇤ Next, we are going to study the case that the fan of rarefaction wave near the origin containing the discontinuity of the source term (see Fig. 3.2) .
For convenience of presentation, we denote byH the point
and define
where u 9 is given in (3.1). 
, t tH } where tH , 1 (t), 2 (t), 11 (t) are given in (3.4), (3.5), (3.2) and (3.6) respectively. The regions R In the following theorem, we study the case that the rarefaction wave first locates in the left part of the discontinuity of the source term in a neighborhood of the origin and then move into the first quadrant (see Fig. 3.3) . Notably, in the solution (3.11), 6 is a weak discontinuity. (i = 1, 2, 3, 4, 7, 8, 10 ) and the characteristics of the solution (3.11) are shown in Fig. 3.3 .
Similar to the proof of Theorem 3.1, we can obtain the conclusions of Theorems 3.3 and 3.2 by integration along characteristics.
When g < 0 < g + , the source term creates a ''vacuum'' when t is large. Compared with the case of shocks, the ''vacuum'' may issue from the origin for the problem of rarefaction waves. In the following theorem, we study the case that the source term creates a ''vacuum'' immediately from the origin. To determine the solution in this ''vacuum'' region, first we obtain an approximate solution sequence to the initial value problem with the discontinuous source term being approximated by a continuous one, then the limit of this solution sequence can be regarded as the entropy solution to the original problem. The validity of this argument shall be verified by studying the uniqueness of entropy solutions in the next section. 
where u 1 , u 2 , u 5 , u 6 , u 8 , u 9 are given by (2.2), (2.2), (2.34), (2.34), (3.7), (3.1) respectively and the regions R 
where 1 (t), 2 (t) are given by (3.5), (3.2) respectively, and 3 (t), 4 (t) denote
(3.13)
The regions R 1, 2, 5, 6, 8, 9 ) and the characteristics of the solution (3.12) are shown in Fig. 3.4 .
Proof. By the method of characteristics we can get the solution in R 13 1 and R 13 2 immediately. As shown in Fig. 3.4 , using the method of characteristics, one cannot determine the solution u in the region { 1 (t) < x < 2 (t), t > 0} directly from the data. In order to determine the entropy solution u in this region, we first use two sequences of continuous functions g " and u " 0 to approximate g and u 0 respectively. Consider the following problem:
are continuous approximation of g(x, t) and u 0 (x) respectively.
By a direct computation, we get the solution to (3.14) as follows
The solution (3.16) and its characteristics are shown in Fig. 3 .5.
is the solution to the equation,
and for any fixed (x, t) 2 {"
and t 0 is the solution of the equation:
(3.18)
In Remark 3.1, we will show the uniqueness of the solutions of (3.17) and (3.18).
we knowL andR are both bounded, so as " ! 0, u " converges pointwisely to the function given in (3.12). Thus, we obtain the entropy solution u in the region { 1 (t) < x < 2 (t), t > 0}. ⇤ Remark 3.1. It can be shown that both (3.17) and (3.18) have unique solutions. For example, for the Eq. (3.18), let It is easy to have,
+ ", t > 0}, the equation F (t 0 ) = 0 has a unique root t 0 in (0, +1). In the following theorem, we study the case that the discontinuous source term creates a ''vacuum'' some time later, more precisely, the vacuum appears from the point H being given in (2.33) (see Fig. 3.6 ). This phenomenon happens when g < 0 < g + and the rarefaction wave is located in one side of the discontinuity of the source term for small t. Fig. 3 
Bend of a rarefaction wave with a shock
In this subsection, we consider g > g + , which implies g > 0 obviously from the assumption g
Under this condition the discontinuous source term creates a shock for large t. This is because when g > 0 > g + or g > g + > 0, the solution u in the second quadrant increases faster than that in the first quadrant, so at some time the value of u in the left side of t-axis will be larger than its value in the right side, which yields a shock.
In particular, when g > 0 > g + and g g + is sufficiently large, the source term can create a shock immediately from the origin. This case is described in the following theorem. are defined as 
and x 2 (t), x 3 (t) are determined by
respectively, with P = (t P , x P ) and B = (t B , x B ) are the intersection points of the shock front x = '(t) with the rarefaction tails x = 11 (t) and x = 2 (t) respectively. The behavior of the solution is described in Fig. 3.7 .
Proof. By the method of characteristics we can deduce the solution u(x, t) in the regions R Under the assumption of the discontinuous source term, we know that the characteristics starting from {x  0, t = 0} will cross t-axis and generate a shock wave on its right side. By a direct calculation, we obtain the value of u in the regions R 15 3 and R 15 10 , and the common boundary of these two regions is x = 11 (t). From the Rankine-Hugoniot jump condition we know that the shock front x 1 (t) satisfies, It can be checked that
is the solution of (3.23), so
, the point P should be on the left side of the curve x = 2 (t).
Thus, the region R 15 9 should be filled by the rarefaction wave u(x, t) = u 9 (x, t). So, from the Rankine-Hugoniot jump condition we know that x 2 (t) and x 3 (t) satisfy (3.21) and , then the curve x = 2 (t) will intersect with x = x 1 (t). So the point P will get close toH. Now let us consider the limit case u given in Theorem 3.6 does not hold, the shock front will be located at the positive x eventually when t is large enough. Actually, if this assertion was not true, which means that the shock front '(t)  0 as t > t 0 for a large t 0 , then it can be determined by solving the following problem: 
Thus, the shock wave will get into the right side of the upper half-plane when t is large.
The following result describes the case in which the source term creates a shock after some time. This happens when g > g + and the rarefaction wave is located on one side of the discontinuity of the source term for small t. Fig. 3.8 . The shock front x 1 (t) forms from the point P and x = 13 (t) is a weak discontinuity.
where 2 (t), 13 (t) are given by (3.2) and the shock front x = '(t) is defined as
in which x 1 (t) and x 2 (t) are determined by 
Uniqueness and stability of entropy solutions
In this section, we will prove the uniqueness of the entropy solution and the stability with respect to the initial data and source terms. The idea is to provide an estimate of L 1 distance between any two solutions of (1.1) in the space A given by (4.10) . This estimate implies that the entropy solution of (1.1) is unique in this space. As a consequence, we obtain that the solutions constructed in Sections 2 and 3 are unique and stable. In particular, the solutions constructed in previous sections for the cases that some ''vacuum'' regions appear make sense and are independent of the ways we constructed.
First, we derive an entropy inequality for the original problem as follows.
and satisfies the Lax entropy condition on these curves,
where u i (t) = lim ⌧ !0+ u( i (t) ⌧ , t) and u
. Then, we have the following entropy inequality, 0, 1) ).
Proof. This result is classical, e.g. [12, 13] . For completeness, we recall the main steps of the proof.
First, we prove the inequality (4.3). From f 00 > 0 and (4.2) we know f 0 is a strictly increasing function and u i (t)
3) holds obviously. So, we assume u i (t) > u + i (t) for some i, there are three cases:
For the above Case 1 and Case 2, as i satisfies the Rankine-Hugoniot jump condition, it can be easily verified that (4.3) holds, so we only need consider the Case 3. For a fixed t, for simplicity, we use u 
we obtain 2k(f (u i ) f (u
which is equivalent to By this definition, first we have that the solution obtained in (3.12) 
